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E-mail address: angelo.morro@unige.it (A. Morro).The paper investigates time-harmonic wave propagation in continuously stratiﬁed solids and provides the
results of a reﬂection-transmission process generated by a layer sandwiched between homogeneous half-
spaces. The layer is continuously stratiﬁed and allows for jump discontinuities at a ﬁnite number of planes.
The dissipative effects are accounted for through the classical Boltzmann law of viscoelasticity. By using
displacement and traction as convenient vector variables, the governing equations are considered in a vec-
tor Volterra integral equation and the solution is determined by means of a matricant. Next the matricant
is applied to determine the reﬂection and transmission coefﬁcients of a layer, with a generic piecewise
continuous proﬁle of the material properties. The reﬂection-transmission process produced by an obli-
quely incident wave, is considered for horizontally-polarized waves. The low-frequency approximation
is derived for the reﬂection and transmission coefﬁcients. Next, the high-frequency approximation is
investigated by a WKB-like procedure which involves a complex valued frequency-dependent shear
modulus. The displacement solution is obtained for the forward- and the backward-propagating waves
in the layer along with the reﬂection and transmission coefﬁcients.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Time-harmonic waves in stratiﬁed solids are widely investi-
gated also because of the interest for applications in seismology
and nondestructive evaluation of materials (see Kennett, 1983
and Nayfeh, 1987). In this regard, there is also a growing attention
to different methods for the analysis of waves in continuously
layered media (see Shuvalov et al., 2004 and Pao et al., 2007).
Lately, continuous variation of the material properties has been
considered within the framework of functionally graded materials
(see Miyamoto et al., 1999).
In as much as operating frequencies become higher and sizes of
devices become smaller the dissipation becomes more and more
signiﬁcant, which motivates the interest in dissipative models of
solids. Sometimes the dissipative character is merely carried over
from elasticity by letting the moduli be complex valued. In Baron
et al. (2009) the pertinent moduli are said to become complex
and frequency-dependent quantities due to losses in the solid.
The literature exhibits also speciﬁc models of solids to motivate
the complex valuedness. In Chen et al. (2011) the dissipative char-
acter is modelled via a linear term in the time-derivative of the
strain whereas in Ricaud and Masson (2009) the relaxation func-
tion is restricted to a ﬁnite interval and is expanded as Prony series.ll rights reserved.Motivated by the literature so outlined, this paper deals with
time-harmonic wave propagation in continuously-stratiﬁed dissi-
pative solids. For deﬁniteness, the underlying geometry is that of
a layer sandwiched between homogeneous half-spaces. The layer
is continuously stratiﬁed and allows for jump discontinuities at a
ﬁnite number of planes. The dissipative effects are accounted
through the classical Boltzmann law (see Leitman and Fisher,
1973) where the strain affects linearly the stress at time t via the
value at time t and the history up to time t.
The purpose of this paper is twofold. Firstly, to establish a
general scheme providing the effects of the inhomogeneity and
of the constitutive properties, of the solid layer, on the propagation
and the reﬂection-transmission coefﬁcients. Constitutive proper-
ties stand for initial elasticity and relaxation function while inho-
mogeneity denotes the dependence on the position. Secondly, to
set up appropriate approximations so that low-frequency and
high-frequency behaviours can be emphasized in terms of the
constitutive properties.
The methodology is based on the use of displacement and trac-
tion as convenient vector variables. We start from the governing
equations in a Stroh-like form (Stroh, 1950) and, by the assumed
continuity of displacement and traction at an interface, set govern-
ing equations in the form of a Volterra integral equation. The solu-
tion is then determined by means of a matricant which turns out to
be given by an appropriate series of integrals of various order.
Next the reﬂection-transmission process is taken to be
produced by an obliquely incident wave. For simplicity and
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waves. Both reﬂection and transmission coefﬁcients R, T are de-
rived in terms of the matricant, for elastic and viscoelastic layers.
The new result consists in the dependence of R, T on the frequency
and, in particular, in their behaviour at low frequencies.
Since the matricant is quite inefﬁcient at high frequencies, an
appropriate WKB-like procedure is developed where the inverse
of the frequency is the small parameter which governs the approx-
imation. The real valued phase is determined and hence the
displacement amplitude is obtained for the forward- and the back-
ward-propagating waves in the layer. Correspondingly, the high-
frequency approximation of reﬂection and transmission coefﬁ-
cients are determined. The effects of the inhomogeneity and of
the dissipative properties on the wave solution and hence on R
and T are investigated in detail.
2. Time-harmonic waves in a layered viscoelastic solid
Throughout, r denotes the gradient operator. Both the direct
tensor notation and the component form are applied. Summation
over repeated indices is understood. Also, sym denotes the sym-
metric part.
The whole three-dimensional space R3 is occupied by an aniso-
tropic linear viscoelastic solid. Let u be the displacement and
E ¼ symru
the symmetric inﬁnitesimal strain tensor. The symmetric stress ten-
sor T is related to E by
Tðx; tÞ ¼ G0ðxÞEðx; tÞ þ
Z 1
0
Gðx; nÞEðx; t  nÞdn; ð1Þ
for any position x 2 R3 and time t 2 R. We assume Gðx; Þ 2 L1ðRþÞ
and let
GðxÞ ¼ G0 þ
Z 1
0
GðnÞ expðixnÞdn: ð2Þ
Denote by q the mass density and disregard the body force. Hence
the equation of motion becomes
q
d2u
dt2
¼ r  T: ð3Þ
Continuous stratiﬁcation in the z-direction is modelled by letting
G0ðxÞ;Gðx; nÞ and q(x) depend on x through z only. Let n be the unit
vector of the z-axis. We look for generalized plane wave solutions of
the form
uðx; tÞ ¼ u^ðzÞ exp½iðk?  xxtÞ; ð4Þ
where k\ is perpendicular to n, k\  n = 0. The constancy of the
transverse wavenumber vector k\ may be viewed as the represen-
tation of the Snell condition. Though we may let k\ be complex val-
ued, it is reasonable to regard k\ as real valued. The gradient r
takes the form
r ¼ ik? þ n ddz :
Henceforth a prime
0
stands for d/dz. Let s = Tn be the traction and
IG the imaginary part of G. Upon substitution, use of the negative
deﬁniteness of xIG, in the space of second-order symmetric ten-
sors, allows us to write the equation of motion in the Stroh-like
form (Caviglia and Morro, 1999)
w0 ¼ Aw; w :¼ u
s
 
; ð5Þwhere A is an appropriate matrix in C66. Both w and A are func-
tions of z parameterized by x and k\.
For isotropic layered solids, (1) simpliﬁes to
Tðx; tÞ ¼ 2l0ðzÞEðx; tÞ þ 2
Z 1
0
vðz; sÞEðx; t  sÞdsþ k0ðzÞtrEðx; tÞ
þ
Z 1
0
gðz; sÞtr Eðx; t  sÞds:
Hence, for a time-harmonic dependence as in (4) we have
s^ ¼ l½u^0 þ ðu^0  nÞnþ iðk?  nÞu^þ iðu^  nÞk? þ kðik?  u^þ u^0  nÞn;
where
lðz;xÞ ¼ l0ðzÞ þ
Z 1
0
vðz; nÞ expðixnÞdn;
kðz;xÞ ¼ k0ðzÞ þ
Z 1
0
gðz; nÞ expðixnÞdn:
ð6Þ
Since G 2 L1ðRþÞ then vðz; Þ;gðz; Þ 2 L1ðRþÞ. Hence
l1ðzÞ :¼ l0ðzÞ þ
Z 1
0
vðz; nÞdn ð7Þ
is (real and) bounded, and the like for k.
For later purposes we examine the dependence of l on x as x
approaches zero or inﬁnity. To this end we observe that, by (6),
lðz;xÞ ¼ l0ðzÞ þ vcðz;xÞ þ ivsðz;xÞ; ð8Þ
where
vcðz;xÞ ¼
Z 1
0
vðz; nÞ cosxndn; vsðz;xÞ ¼
Z 1
0
vðz; nÞ sinxndn:
Since
vcðz;xÞ ¼
Z 1
0
vðz; nÞdnþ
Z 1
0
vðz; nÞ½cosxn 1dn;
then, by (7),
vcðz;xÞ ¼ l1ðzÞ  l0ðzÞ þ l2ðz;xÞ;
l2ðz;xÞ :¼
Z 1
0
vðz; nÞ½cosxn 1dn ¼ Oðx2Þ; ð9Þ
as x? 0. Also,
l1ðz;xÞ :¼ vsðz;xÞ ¼ OðxÞ; ð10Þ
as x? 0. Hence, by (7)–(10),
lðz;xÞ ¼ l1ðzÞ þ il1ðz;xÞ þ l2ðz;xÞ þ oðx2Þ:
As a consequence, we ﬁnd that
1
lðz;xÞ ¼
1
l1ðzÞ
1 il1ðz;xÞ
l1ðzÞ
 l2ðz;xÞ
l1ðzÞ
 l1ðz;xÞ
l1ðzÞ
 2" #
þ oðx2Þ:
ð11Þ
Look now at x?1. By (8) and the Riemann lemma we have
lðz;xÞ ! l0ðzÞ ð12Þ
as x?1. Moreover, an integration by parts and the assumption
v 2 L1ðRþÞ give
xvcðz;xÞ ¼ 
Z 1
0
@nvðz; nÞ sinxndn;
xvsðz;xÞ ¼ vðz;0Þ þ
Z 1
0
@nvðz; nÞ cosxndn:
If, further, @nv 2 L1ðRþÞ then
xvcðz;xÞ ! 0; xvsðz;xÞ ! vðz;0Þ ð13Þ
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(Fabrizio and Morro, 1992) it follows that
vðz;0Þ 6 0: ð14Þ2.1. The integral equation and the matricant
The layer z 2 (0,L) is sandwiched between homogeneous half-
spaces, z < 0, z > L. The material properties, and hence A, in the
layer are piecewise continuous. This means that there are a ﬁnite
number of interfaces z = 0,z1,z2, . . . ,zm1, L across which A suffers
jump discontinuities whereas A is continuous at I ¼ ð0; z1Þ[
ðz1; z2Þ [ . . . [ ðzm1; LÞ. We assume that w : ð1;0Þ [ I[
ðL;1Þ ! C6 is continuous across any interface and hence at z = 0,
z1, . . . ,L. We then write w(0),w(z1), . . . ,w(L) for the common values
of the left and right limits.
By (5) and the continuity of w it follows that
wðzÞ ¼ wð0Þ þ
Z z
0
AðsÞwðsÞds; z 2 ½0; L: ð15Þ
Denote by M : ½0; L ! C66 the matrix function such that
wðzÞ ¼MðzÞwð0Þ: ð16Þ
Differentiation and comparison with (5) shows thatM has to satisfy
the system of differential equations
M0ðzÞ ¼ AðzÞMðzÞ; Mð0Þ ¼ 1; z 2 I : ð17Þ
The solutionM to (17) is said to be the matricant of (5). By means of
(16), the matricant provides the solution w(z) at any z 2 I .
The continuity of w, at the interfaces, implies that of M. Hence,
integration of (17) gives
MðzÞ ¼ 1þ
Z z
0
AðsÞMðsÞds; z 2 ½0; L: ð18Þ
Following Gantmacher (1964) and Pease (1965) we can write
Proposition 1. The solution M to (18) exists and is given by a
uniformly convergent series,
MðzÞ ¼ 1þ
X1
q¼1
Z z
0
Z s1
0
  
Z sq1
0
Aðs1ÞAðs2Þ   AðsqÞdsqdsq1   ds1:
ð19Þ
The writing of dsqdsq1 . . .ds1, rather than ds1ds2 . . .dsq, emphasizes the
structure of nested integrals.3. Waves in isotropic viscoelastic solids
We have in mind the application of (16) and (19) to a reﬂection-
transmission process produced by a continuously stratiﬁed layer.
Hence we look at a viscoelastic layer of thickness L which is sand-
wiched between elastic half-spaces placed at z < 0 and z > L. An ob-
liquely incident wave comes from z < 0 and h is the incidence angle.
The reﬂection-transmission problem consists in the determination
of the reﬂected wave, at z < 0, and the transmitted wave, at z > L.
For simplicity, we now assume that the layer is isotropic. To ﬁx
ideas we let the x-axis be in the direction of k\ and n in the z-direc-
tion. Let kx be the component of k\ in the x-direction. The system
(5) then decouples into
u2
s2
 0
¼ 0 1=l
lk2x  qx2 0
" #
u2
s2
 
; ð20Þu1
u3
s1
s3
2
6664
3
7775
0
¼
0 ikx 1=l 0
ickx 0 0 c=k
fk2x  qx2 0 0 ickx
0 qx2 ikx 0
2
6664
3
7775
u1
u3
s1
s3
2
6664
3
7775; ð21Þ
where c = k/(2l + k), f = 4l(l + k)/(2l + k). As we show in a mo-
ment, kx is proportional to the angular frequency. The solutions to
(20) are waves polarized in the y-direction and are usually called
horizontal waves. For simplicity we now restrict attention to hori-
zontal waves.
3.1. Horizontal waves in homogeneous regions
In homogeneous regions the solution (4), for u2, simpliﬁes to
u2ðx; tÞ ¼ u2 exp½iðkxxþ kzzxtÞ;
where u2 is a constant. Denote by k the wavenumber so that
k2 ¼ k2z þ k2x :
By (20) it follows that
lk2 ¼ qx2:
Since both k2x and k
2
z are proportional to x
2 we let
kx ¼ bx; kz ¼ jx; j :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q
l
 b2
r
: ð22Þ
We assume b > 0 which means that the projection of the wave along
the x-axis propagates in the positive direction. About kz, the positive
sign holds for forward-propagating waves, the negative sign for
backward-propagating waves.
By Snell’s law, (4) holds also in inhomogeneous regions with the
same constant k\ and hence kx = bx. This means that
u2ðx; tÞ ¼ u2ðzÞ exp½ixðbx tÞ
holds throughout with b determined by the known incident wave.
Then letting h be the incidence angle we have
b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qr=lr
q
sin h: ð23Þ
Henceforth the subscripts r and t denote the values at the homoge-
neous half-spaces z < 0 and z > L.
3.2. The matricant for horizontal waves
It is convenient to write the system (20) in the equivalent form
ixu2
s2
 0
¼ ixQ ixu2
s2
 
; Q :¼ 0 1=l
q lb2 0
 
: ð24Þ
This form is familiar for elastic layers, where l 2 R is a constant (see
Baron et al., 2009). Here, instead, Q depends on x through l. The
compact form (5) is recovered by replacing w and A with
w ¼ ixu2
s2
 
; A ¼ ixQ :
The matricant M for the system (24) takes the form
MðzÞ ¼ 1þ
X1
p¼1
ðixÞp
Z z
0
Z s1
0
  
Z sp1
0
Q ðs1ÞQ ðs2Þ   Q ðspÞdspdsp1   ds1:
ð25Þ
Now, if
Q ðzÞ ¼ 0 hðzÞ
jðzÞ 0
 
;
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Q ðs1ÞQ ðs2Þ . . .Q ðs2pÞ
¼ hðs1Þjðs2Þ . . .hðs2p1Þjðs2pÞ 0
0 jðs1Þhðs2Þ . . . jðs2p1Þhðs2pÞ
 
¼: D2p;
Q ðs1ÞQ ðs2Þ . . .Q ðs2pþ1Þ
¼ 0 hðs1Þjðs2Þ . . . jðs2pÞhðs2pþ1Þ
jðs1Þhðs2Þ . . .hðs2pÞjðs2pþ1Þ 0
 
¼: S2pþ1:
Hence we ﬁnd that
MðzÞ ¼ 1þ ix
X1
p¼0
ð1Þpx2p
Z z
0
  
Z s2p
0
S2pþ1ds2pþ1    ds1
þ
X1
p¼1
ð1Þpx2p
Z z
0
  
Z s2p1
0
D2pds2p   ds1; ð26Þ
where s0 = z.
Horizontal waves correspond to
hðz;xÞ ¼ 1
lðz;xÞ ; jðz;xÞ ¼ qðzÞ  lðz;xÞb
2:
By (26) we obtain
MðzÞ ¼ 1þ ix
Z z
0
0 1=lðs1;xÞ
qðs1Þ  lðs1;xÞb2 0
 
ds1;
x2
Z z
0
Z s1
0
½1=lðs1;xÞ½qðs2Þlðs2;xÞb2 0
0 ½qðs1Þlðs1;xÞb2=lðs2;xÞ
" #
ds2ds1þOðx3Þ: ð27Þ
By (27) and (11) we have
M¼1
þ ix
Z z
0
0 ½1=l1ðs1Þ½1 il1ðs1;xÞ=l1ðs1Þ
qðs1Þb2½l1ðs1Þþ il1ðs1;xÞ 0
" #
ds1x2
Z z
0
Z s1
0
qðs2Þb2l1ðs2Þ=l1ðs1Þ 0
0 ½qðs1Þb2l1ðs1Þ=l1ðs2Þ
" #
ds2ds1þoðx2Þ: ð28Þ
As a consequence,
M11ðz;xÞ ¼ 1x2
Z z
0
Z s1
0
½qðs2Þ  b2l1ðs2Þ=l1ðs1Þds2ds1
þ oðx2Þ; ð29Þ
M12ðz;xÞ ¼ ix
Z z
0
1
l1
ðs1Þds1 þx
Z z
0
l1ðs1;xÞ
l21ðs1Þ
ds1 þ oðx2Þ; ð30Þ
M21ðz;xÞ ¼ ix
Z z
0
fqðs1Þ  b2½l1ðs1Þ þ il1ðs1;xÞgds1 þ oðx2Þ;
ð31Þ
M22ðz;xÞ ¼ 1x2
Z z
0
Z s1
0
½qðs1Þ  b2l1ðs1Þ=l1ðs2Þds2ds1 þ oðx2Þ:
ð32Þ4. Reﬂection and transmission coefﬁcients
A wave is obliquely incident from z < 0, say exp[ix(b
x + jrz  t)]. Hence, because a reﬂected wave is produced, we rep-
resent u2 in the form
u2 ¼ exp½ixðbxþ jrz tÞ þ R exp½ixðbx jrz tÞ; z < 0;and s2 ¼ lu02 as
s2 ¼ ixlrjrfexp½ixðbxþjrz tÞ  Rexp½ixðbxjrz tÞ; z< 0:
In the half-space z > L only an outgoing transmitted wave propa-
gates. We can then write
u2 ¼ T exp½ixðbxþ jtðz LÞ  tÞ; z > L;
s2 ¼ ixltjtT exp½ixðbxþ jtðz LÞ  tÞ; z > L:
Quite naturally, R; T 2 C are regarded as the reﬂection and transmis-
sion coefﬁcients. The values
Zt ¼ ltjt; Zr ¼ lrjr
are real and relative to the elastic half-spaces z > L, z < 0. They are
said to be the impedances of the half-spaces (see Brekhovskikh,
1980). The impedances Zr,t are related to the speed of the wave
and to the incidence or transmission angle. Indeed, by (22) and (23),
lrjr ¼ lr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qr=lr
q
cos h ¼ qr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lr=qr
q
cos h ¼ qrcr cos h;
cr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lr=qr
p
being the speed of the wave as z < 0. Likewise,
ltjt ¼ lt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qt=lt
q
cos ht ¼ qt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lt=qt
q
cos ht ¼ qtct cos ht:
Now, by Snell’s law we have
x
cr
sin h ¼ x
ct
sin ht
whence
cos ht ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðct=crÞ2 sin2 h
q
:
By use of the matricant we can write
wðLÞ ¼Mwð0Þ;
where M stands for M(L). Owing to the continuity of w we have
T
1
Zt
 
¼M 1þ R
Zrð1 RÞ
 
; ð33Þ
Solving the system (33) in R, T we ﬁnd that
R ¼ M21 M11Zt þM22Zr M12ZrZtM21 þM11Zt þM22Zr M12ZrZt ; ð34Þ
T ¼ 2ðM12M21 M11M22ÞZr
M21 M11Zt M22Zr þM12ZrZt : ð35Þ
Here R and T are the ratio between the amplitudes. Relative to other
expressions in the literature, the result R differs by a thorough sign
(see Baron et al., 2007) which occurs if R is taken to be the ratio be-
tween the tractions.
5. Low-frequency approximation
We ﬁrst regard the layer as elastic, which means that l is real-
valued and independent of the angular frequency x. As a conse-
quence, h = 1/l and j = q  lb2 are real-valued and independent
of x.
5.1. Elastic layers
By (26), we evaluate M at z = L to have
M ¼ 1þ ix
Z L
0
0 hðs1Þ
jðs1Þ 0
 
ds1
x2
Z L
0
Z s1
0
hðs1Þjðs2Þ 0
0 jðs1Þhðs2Þ
 
ds2ds1 þ Oðx3Þ:
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- ¼ xL
and
m11 ¼ 1
L2
Z L
0
Z s1
0
hðs1Þjðs2Þds2ds1; m12 ¼ 1L
Z L
0
hðs1Þds1;
m21 ¼ 1L
Z L
0
jðs1Þds1; m22 ¼ 1
L2
Z L
0
Z s1
0
jðs1Þhðs2Þds2ds1;
m11, m12, m21, m22 representing mean values in the layer. Hence we
can write M in the form
M ¼ 1m11-
2 im12-
im21- 1m22-2
" #
þ Oð-3Þ:
Substitution in (34) gives
R ¼ a0 þ ia1-þ a2-
2
b0 þ ib1-þ b2-2 þ Oð-
3Þ; ð36Þ
where
a0 ¼ Zr  Zt ; a1 ¼ m21 m12ZrZt ; a2 ¼ m11Zt m22Zr ;
b0 ¼ ðZr þ ZtÞ; b1 ¼ ðm21 þm12ZrZtÞ; b2 ¼ ðm11Zt þm22ZrÞ:5.1.1. Half-spaces with different impedances
Since Zr– Zt then a0– 0. Moreover b0 > 0. As a consequence,
upon some rearrangements, we can express R in the form
R¼ a0
b0
1þ i a1
a0
 b1
b0
 
-þ a2
a0
þ a1b1
a0b0
 b1
b0
 2
 b2
b0
" #
-2
( )
þOð-3Þ:
ð37Þ
The absolute value jRj is then given by
jRj2 ¼ a
2
0
b20
1þ 2 a2
a0
 2 b2
b0
þ a
2
1
a20
 b
2
1
b20
" #
-2
( )
þ Oð-3Þ: ð38Þ
As -? 0, the reﬂection coefﬁcient approaches a0/b0, that is
R! R0 :¼ Zr  ZtZr þ Zt :
The limit value R0 is the reﬂection coefﬁcient at the interface be-
tween elastic half-spaces (see Achenbach, 1975).
By (37), the reﬂected wave takes the form
Rexp½ixðbxjrz tÞ ¼ a0b0 1þ
a2
a0
þ a1b1
a0b0
 b1
b0
 2
b2
b0
" #
-2
( )
 exp½ixðbxjrz tÞ þ a0b0
a1
b0
 b1
b0
 
j-j
 exp ip
2
sgn-
 
exp½ixðbxjrz tÞ þ   
the dots representing the O(-3) terms. The reﬂected amplitude is
then a superposition of waves with amplitudes parameterized by
-. The odd-order terms i-,i-3 , . . . produce reﬂected waves with
a phase change ±(p/2) sgn-. The i- term is associated with the
amplitude
a0
b0
a1
a0
 b1
b0
 
¼ 2Zrðm21 m12Z
2
t Þ
ðZr þ ZtÞ2
:5.1.2. Half-spaces with equal impedances
Now we let Zr = Zt and hence a0 = 0,
R ¼ ia1-þ a2-
2
b0 þ ib1-þ b2-2 þ Oð-
2Þ:Some rearrangements allow us to write R in the form
R ¼ - i a1
b0
þ a2b0 þ a1b1
b0
-
 
þ Oð-3Þ:
Hence R? 0 as-? 0, that is the reﬂected amplitude is smaller and
smaller as far as - ? 0. Moreover, at low values of - the predom-
inant term in the reﬂected wave is
exp i
p
2
sgn-
 
j-jm21 m12ZrZt
Zr þ Zt exp½ixðbx jz tÞ:
As a consequence, when the two half-spaces have equal imped-
ances, the leading component of the reﬂected wave is subject to a
phase shift of p/2, irrespective of the layer, unless
m21 m12ZrZt ¼ 0:5.2. Viscoelastic layer
Look at (29)–(32) and observe that b = O(x) and l1 = O(x). As a
consequence, to within o(x) terms we have
M11 ¼ 1; M12 ¼ i-m12; M21 ¼ i-m21; M22 ¼ 1;
where now
m12 ¼ 1L
Z L
0
1
l1
ðs1Þds1;
and
m21 ¼ 1L
Z L
0
½qðs1Þ  b2l1ðs1Þds1;
as with the elastic layer provided the elastic modulus l is replaced
by the real equilibriummodulus l1. To within o(x) terms, (34) and
(35) then become
R ¼ Zr  Zt þ i-ðm21 m12ZrZtÞ
Zr þ Zt  i-ðm21 þm12ZrZtÞ ;
T ¼ 2Zr
Zr þ Zt  i-ðm21 þm12ZrZtÞ :
As -? 0,
R! Zr  Zt
Zr þ Zt ; T !
2Zr
Zr þ Zt ;
again irrespective of the properties of the layer.
If, instead, O(x) terms are taken into account then R and T be-
come complex valued,
R ’ Zr  Zt
Zr þ Zt 1þ i-
2Zr
Z2r  Z2t
m21 þm12Z2t
 " #
; Zr – Zt;
T ’ 2Zr
Zr þ Zt 1þ i-
m21 þm12ZrZt
Zr þ Zt
 
:
If, further, the half-spaces have equal impedances then R reduces to
R ’ exp ip
2
sgn-
 
j-jm21 m12ZrZt
Zr þ Zt :6. High-frequency approximation
The matricant still provides the solution at large values of x, or
-, but signiﬁcant approximations may require a large number of
terms of the series. We then ask for a handier approximation. Con-
sider the differential equation for u2. By (24) we have
ðlu02Þ0 ¼ ðlb2  qÞx2u2: ð39Þ
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and Godin, 1998, Caviglia and Morro, 1992), we look for a solution
to (39) by means of an approach which regards 1/x as the small
parameter of the approximation. Due to the inhomogeneity of the
layer we let
u2ðx; z; tÞ ¼ uðzÞ exp½ixðbxþ f ðzÞ  tÞ; ð40Þ
where f is real valued and u is complex valued, both of them to be
determined. Substitution in (39) provides
lu00 þl0u0 þ ix 2lu0f 0 þl0uf 0 þluf 00	 
x2u½lðf 0Þ2 þlb2 q ¼ 0:
ð41Þ
We regard xf as the phase determined by the propagation in the
inhomogeneous solid. The function u(z,x) is sought in the form
uðzÞ ¼ u0ðzÞ þ 1xu1ðzÞ þ
1
x2
u2ðzÞ þ    ð42Þ
each function u0,u1,u2 , . . . being possibly complex valued. For
elastic layers, the phase xf and the functions u0(z),u1(z),u2(z) , . . .
can be determined as is shown in Caviglia and Morro (1992). Here
we restrict attention to viscoelastic layers.
Divide (41) by x2 and take the limit as x ?1. By (12) it fol-
lows that f satisﬁes
l0ðf 0Þ2 þ l0b2  q ¼ 0: ð43Þ
By (22) there are two solutions,
fðzÞ ¼ 
Z z
0
jðnÞdn; jðnÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q
l0
ðnÞ  b2
r
; ð44Þ
for f. Now l(f0)2 + lb2  q need not be zero and hence we cannot
simplify (41). Yet, it is convenient to observe that, by (43),
l f 0ð Þ2 þ lb2  q ¼ l l0
  ðf 0Þ2 þ b2h i ¼ ðl l0Þ ql0 ;
and, by (8),
lðf 0Þ2 þ lb2  q ¼ ðvc þ ivsÞ
q
l0
: ð45Þ
By (45), dividing (41) by x and taking the limit provides
lim
x!1
2lu0f 0 þ l0uf 0 þ luf 00 þ ixuðvc þ ivsÞ
q
l0
 
¼ 0: ð46Þ
As a consequence of (13), Eq. (46) becomes
2l0u
0
0f
0 þ l00u0f 0 þ l0u0f 00  u0vð0Þ
q
l0
¼ 0: ð47Þ
By (43), two solutions u0 occur associated with f±. Let
FðzÞ ¼ fþðzÞ
and hence f±(z) = ± F(z). Also, let
ZðzÞ ¼ l0ðzÞF 0ðzÞ; UðzÞ ¼ u0 ðzÞ:
The quantity Z may be viewed as the space-dependent impedance.
Eq. (47) then implies that U± satisﬁes
2ZðzÞU0 þ UZ0ðzÞ  aðzÞU ¼ 0; aðzÞ :¼
qðzÞvðz;0Þ
l0ðzÞ
; ð48Þ
Because of (14), a 6 0. The ﬁrst-order linear differential Eq. (48) in
the unknown U± may be integrated to obtain the two solutions
UðzÞ ¼ cZ1=2ðzÞ exp 
Z z
0
½aðfÞ=2ZðfÞdf
 
; ð49Þc± being constants. Hence we have
u2ðx;z; tÞ ¼ cþZ1=2ðzÞexp
Z z
0
½aðfÞ=2ZðfÞdfþ ix½bxþ FðzÞ t
 
þ cZ1=2ðzÞexp 
Z z
0
½aðfÞ=2ZðfÞdfþ ix½bx FðzÞ t
 
:
ð50Þ
In conclusion, both the phase xf and the real-valued amplitude
u0 = U are determined as functions of the coordinate z 2 [0,L]. If
v(f,0) = 0 then a(f,0) = 0 and
UðzÞ ¼ cZ1=2ðzÞ:
If, instead, v(z, 0) < 0 then a(z) < 0 and this makes U+, U represent
decaying waves. The decay is easily shown by (50). The ﬁrst line
represents a forward-propagating wave in that constant phase
planes propagate with slowness
s ¼ F 0ðzÞ ¼ jðzÞ:
As z increases the factor exp
R z
0 ½aðfÞ=2ZðfÞdf
 
decreases and this
results in a decay effect on the wave amplitude. If, as a particular
case, the layer is homogeneous then Z, a and j are constants and
the ﬁrst line gives
Cþ exp½ða=2ZÞz exp½ixðbxþ jz tÞ:
Look at one-dimensional waves, so that b = 0. Following the wave,
z = t/j and hence
a
2Z
z ¼ qvð0Þ
2l20j2
t ¼ vð0Þ
2l0
t;
which coincides with the classical decay rate of one-dimensional
discontinuity waves in viscoelastic solids (see (3.6) of Coleman
and Gurtin, 1965). By the same token we see that the second line
represents a backward-propagating wave with a decay effect due
to the factor exp  R z0 ½aðfÞ=2ZðfÞdf .
A comment is in order on the wave solution (49) for U±. Follow-
ing Caviglia and Morro (2000) and also Boulanger and Hayes, 1993
and Caviglia and Morro (1992), we say that the energy ﬂux F in the
z-direction is given by
F ¼ 1
2
xI s2u2
 
and, moreover, that F > 0ð< 0Þ characterizes forward- (backward-)
propagating waves. Now, by (49),
ðs2Þ ¼ lðzÞf½ixjðzÞUðzÞ þ U0ðzÞ exp½ixðbxþ fðzÞ  tÞ
and hence, as x?1,
FðzÞ ¼ 12x
2l0ðzÞjðzÞU2ðzÞ
whence
FðzÞ ¼ 12x
2 exp 
Z z
0
aðfÞ=ZðfÞdf
 
c2:
As we should have expected, Fþ > 0 and F < 0. Also, F decreases
through the term expð R z0 aðfÞ=GðfÞdfÞ which accounts for the dis-
sipative effect of a(z) = qv(z, 0)/l0(z) 6 0. This implies that
UðzÞ :¼  2x2 exp 
Z z
0
aðfÞ=ZðfÞdf
 
FðzÞ
is constant and hence F is constant in elastic solids (where v = 0).
The constancy of U± implies that, to within the dissipation term
exp  R z0 aðfÞ=ZðfÞdf	 
, to obey the conservation of energy the value
of U2 has to depend on z as Z
1(z),
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Fig. 1. Plot of I (thin line), E (dashed line), and IE (thick line) versus z/L in
correspondence with q0 = 0.2, q1 = 0.2.
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Z z
0
aðfÞ=ZðfÞdf
 
: ð51Þ
By (51), and also by (49), it follows that the dependence of the
amplitude U on z is affected by two effects. One is the inhomogene-
ity and U2 is just proportional to Z1, the local value of the imped-
ance. The other one is the decay due to dissipation and results in
UðzÞ / exp 
Z z
0
aðfÞ=2ZðfÞdf
 
thus showing that the decay results from the integral on [0,z] of
a/2Z. Quite reasonably, due to the high-frequency limit, l and v oc-
cur through the initial values l0 and v0 only.
Remark 1. Sometimes (see Cockrell and Schmidt, 2011) the phase
is taken as
R z
0 kzðfÞdf and possibly with the wavenumber kz being
complex valued. It seems that the phase exponent as ixf(z), f being
real valued, allows a more direct analysis of propagation and
dissipation effects.0 0.2 0.4 0.6 0.8 1
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Fig. 2. Plot of I (thin line), E (dashed line), and IE (thick line) versus z/L in
correspondence with q0 = 0.2, q1 = 0.2.6.1. Numerical examples
We look at the viscoelastic parameters of asphalt mixtures at
20 C given in Darabi et al. (2011). Restrict attention to the ﬁrst
term of the Prony series – Table 3 – and eventually ﬁnd that
l0 ¼
1
D0
¼ 0:285 GPa; v0 ¼ 
k1D1
D0ðD0 þ D1Þ ¼ 0:153 GPa=s:
ð52Þ
Also, let q = 2.2 103 kg/m3 be the mass density.
For a convenient comparison, we look also at the value v04 of
the parameter v0 associated with the n = 4 term. We ﬁnd that
v04 ¼ 
k4D4
D0ðD0 þ D4Þ ¼ 0:83 MPa=s: ð53Þ
By way of application we let b = 0 and q be independent of the
depth z. Instead, we let l0, v0 depend on z so that
l0ðzÞ ¼ l0ð1þ m0ðz=LÞÞ; v0ðzÞ ¼ v0ð1þ m1ðz=LÞÞ; z 2 ½0; L;
where l0; v0 are the values in (52) and m0, m1 are continuous func-
tions on [0,1]. As a consequence,Z z
0
aðfÞ=ZðfÞdf ¼ l
Z z=L
0
ð1þ m1ðgÞÞ1=2dg; l ¼ L q=l30
 1=2jv0j:
By (51) we obtain
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ql0
p U2þ
Uþ
ðzÞ ¼ ð1þ m0ðz=LÞÞ1=2 exp l
Z z=L
0
ð1þ m1ðgÞÞ1=2dg
 
:
ð54Þ
To within the factor
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ql0
p
=Uþ, Eq. (54) gives U
2
þðzÞ, as z 2 [0,L], in
terms of the parameter L. To ﬁx ideas we let m0, m1 be linear so that
m0ðz=LÞ ¼ q0z=L; m1 ¼ q1z=L:
We let L = 100 m, whence l = 0.15. Figs. 1 and 2 show the depen-
dence on z/L of
I ¼ ð1þ q0z=LÞ1=2; E ¼ exp l
Z z=L
0
ð1þ q1gÞ1=2dg
 
;
IE ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ql0
p U2þ
Uþ
;
for different values of q0.
If, instead, the value (53) is considered for v0 then a length L of
about 104 m has to be considered so that the decay effect become
signiﬁcant.6.2. Reﬂection coefﬁcient of the viscoelastic layer at high frequencies
We now evaluate the reﬂection and transmission coefﬁcients by
regarding u2 as given, in the layer, by the high-frequency represen-
tative (50). By (50) we can write
u2 ¼ exp½ixðbxþ jrz tÞ þ R exp½ixðbx jrz tÞ; z < 0;
u2 ¼ UþðzÞ exp½ixðbxþ FðzÞ  tÞ þ UðzÞ exp½ixðbx FðzÞ  tÞ;
z 2 ð0; LÞ;
u2 ¼ T exp½ixðbxþ jtðz LÞ  tÞ; z > L:
As a consequence, because F0 = j then s2 ¼ lu02 is given by
s2 ¼ ixlrjrfexp½ixðbxþjrz tÞRexp½ixðbxjrz tÞg; z< 0;
s2 ¼ lðzÞf½ixjðzÞUþðzÞ þ U0þðzÞ exp½ixðbxþ FðzÞ  tÞ
þ ½ixjðzÞUðzÞ þ U0ðzÞ exp½ixðbx FðzÞ  tÞg; z 2 ð0; LÞ;
s2 ¼ ixltjtT exp½ixðbxþ jtðz LÞ  tÞ; z > L:
The continuity of u2 and s2 at the interfaces z = 0, L yield the system
of equations,
1þ R ¼ Uþð0Þ þ Uð0Þ; ð55Þ
UþðLÞWþ þ UðLÞW ¼ T; ð56Þ
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ð57Þ
lðLÞ½ixjðLÞUþðLÞþU0þðLÞWþ þlðLÞ½ixjðLÞUðLÞþU0ðLÞW ¼ ixltjtT;
ð58Þ
where
W ¼ expðixFðLÞÞ:
By (49), the functions U±, and hence the values Uð0Þ;UðLÞ;
U0ð0Þ;U0ðLÞ are parameterized by the constants c±. As a conse-
quence, the effective unknowns of the system are R, T and c+, c.
It is then convenient to give evidence to the dependence on c+,
c. Let
pðzÞ ¼ Z1=2ðzÞ; p0 ¼ pð0Þ; pL ¼ pðLÞ:
Hence
p0 ¼  p
2Z
Z0:
By (49) we have
Uð0Þ ¼ p0c;
UðLÞ ¼ hc; h ¼ pLE; E :¼ exp 
Z L
0
½aðfÞ=2GðfÞdf
 
:
Moreover, by (48),
lð0Þ
ixZr
½ixjð0ÞUð0Þ þ U0ð0Þ ¼ ac;
a :¼ p0lð0ÞZr jð0Þ þ
að0Þ  Z0ð0Þ
2ixZð0Þ
 
;
lðLÞ
ixZt
½ixjðLÞUðLÞ þ U0ðLÞ ¼ bc;
b :¼ lðLÞhZt jðLÞ þ
aðLÞ  Z0ðLÞ
2ixZðLÞ
 
:
It is apparent that, as x?1,
a ! p0
Zð0Þ
Zr
; h ! pLE; b ! pL
ZðLÞ
Zt
E: ð59Þ
The system (55)–(58) then becomes
1þ R ¼ g0ðcþ þ cÞ; ð60Þ
hþWþcþ þ hWc ¼ T; ð61Þ
1 R ¼ aþcþ þ ac; ð62Þ
bþWþcþ þ bWc ¼ T: ð63Þ
It follows from (60)–(63) that
c ¼ ccþ; cþ ¼ 2p0ð1þ cÞ þ aþ þ ac
;
c :¼  bþ  hþ
b  hW
2
þ; R ¼
p0ð1þ cÞ  ðaþ þ acÞ
p0ð1þ cÞ þ ðaþ þ acÞ
; ð64Þ
T ¼ hþb  hbþ
b  h
2
p0ð1þ cÞ þ aþ þ ac
Wþ: ð65Þ
In addition to the exact, but quite involved, relations (64) and
(65) for R and T, it is of interest to examine the form of R and T
as x?1. In this regard, neglecting the x1-term in a±, b± givesbþ  hþ
b  h ’
Zt  ZðLÞ
Zt þ ZðLÞ E
2
þ:
Hence c 2 C and
jcj 6 E2þ ¼ exp
Z L
0
½aðfÞ=ZðfÞdf
 
:
Since a < 0 then jcj < 1 and decreases monotonically inasmuch as L
increases. Substitution in (64) yields
R ’ ½Zr  Zð0Þ½ZðLÞ þ Zt þ ½Zr þ Zð0Þ½ZðLÞ  ZtE
2
þW
2
þ
½Zr þ Zð0Þ½ZðLÞ þ Zt þ ½Zr  Zð0Þ½ZðLÞ  ZtE2þW2þ
: ð66Þ
Eq. (66) exhibits the various effects on the reﬂection coefﬁcient R at
the high frequency limit. In addition to Zr, Zt, Z(0), Z(L), Eq. (66)
shows the decay effect of the viscoelastic model through E+. For
an elastic layer, a = 0 and hence E+ = 1, only the phase factor W+ is
reminiscent of the thickness of the layer.
If, further, E2þ 	 1 then (66) can be approximated by
R ’ Zr  Zð0Þ
Zr þ Zð0Þ : ð67Þ
As a comment, disregarding E2þ (and hence c) amounts to disre-
garding the effect of the interface at z = L and hence the back-
ward-propagating wave relative to the forward-propagating one.
It is then consistent that the right-hand side of (67) is just the
reﬂection coefﬁcient at the interface between elastic half-spaces
with parameters lr, jr and l(0), j(0) (see Achenbach, 1975).
In connection with the transmission coefﬁcient T we start from
(65) and neglect again the x1-terms to obtain
T ’ 2ZðLÞ
Zt þ ZðLÞ
2Zr
Zr þ Zð0Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Zð0Þ
ZðLÞ
s
EþWþ: ð68Þ
The interpretation of (68) is apparent. The ratios 2Zr/[Zr + Z(0)] and
2Z(L)/[Zt + Z(L)] are the classical transmission coefﬁcients of the
interfaces at z = 0 and z = L. By means of (51) we recognizeﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Zð0Þ=ZðLÞ
p
Eþ ð69Þ
as the amplitude ratio U(L)/U(0) whileW+ is the phase factor of the
forward-propagating wave.
Following the same lines we can give an immediate physical
picture of the result (66). Speciﬁcally,
1þ c ’ 1þ ZðLÞ  Zt
ZðLÞ þ Zt E
2
þW
2
þ
represents the correction due to propagation, from 0 to L, (E+W+),
reﬂection at z = L([Z(L)  Zt]/[Z(L) + Zt]), and backward propagation
from L to 0 (E+W+).
7. Remarks and conclusions
A viscoelastic solid is described by the constitutive Boltzmann
law between stress and strain. The associated equation of motion
provides a ﬁrst-order system of equations which is set in a
Stroh-like form. As a consequence, the displacement-traction pair
is found to satisfy an integral equation whose solution is given in
a matricant form. Relative to similar works on the subject (see Bar-
on et al., 2009), an analysis of the frequency dependence of the
moduli is developed which proves essential in the evaluation of
the inﬂuence of frequency on reﬂection and transmission.
The reﬂection-transmission process is then investigated for the
horizontally-polarized waves produced by an obliquely-incident
wave on a viscoelastic layer sandwiched between elastic
half-spaces. Once the reﬂection and transmission coefﬁcients have
been established in terms of the matricant, the low-frequency
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et al. (2007) in connection with an elastic layer.
Next an approach is developed to a high-frequency approxima-
tion which may be framed within the WKB method. The new
content is that the approximation is made for the viscoelastic
model. We start from (40) and hence examine the corresponding
differential equation in the limit x?1. The real-valued phase f
proves to satisfy (44) as with the corresponding elastic layer
(l = l0). Instead, by means of the asymptotic properties
(11)–(13), the amplitude is found to be affected by the (dissipative)
viscoelastic properties. In essence, U(z) = u0(z) is given by (49) and
shows both the effect of inhomogeneity and that of dissipation
through the factors
Z1=2ðzÞ; exp 
Z z
0
½aðfÞ=2ZðfÞdf
 
;
where + and  refer to forward- and backward-propagating waves.
Finally the reﬂection and transmission coefﬁcients R, T are deter-
mined for the high-frequency approximation. By (66), R proves to
be affected by the dissipation of the layer through the E+ term. As
we might have expected, if the layer is strongly dissipative, because
of thickness L and/or because of the decay term a, then E+ is
negligible and R shows the effect of a single interface between the
half-spaces with parameters lr, jr and l(0), j(0) (see (67)). By
(68), T approaches the product of transmission coefﬁcients at z = 0
and z = L times the factor (69) which accounts for the inhomogene-
ity and the decay effect.
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